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A Chebyshev type inequality for Sugeno integral is shown. Previous results of Flores-Franulicˇ and Roma´n-Flores [A.
Flores-Franulicˇ, H. Roma´n-Flores, A Chebyshev type inequality for fuzzy integrals, Applied Mathematics and Computa-
tion 190 (2007) 1178–1184] are generalized. Several illustrated examples are given. As an application, a fuzzy Stolarsky’s
inequality is obtained.
 2008 Elsevier Inc. All rights reserved.
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Since they were introduced by Sugeno [14], fuzzy measures and fuzzy integrals have been intensively studied
(see, e.g. [5–8,10,11,13,16]). Ralescu and Adams [11] generalized the range of fuzzy measures from [0, 1] to
½0;1 and gave an equivalent deﬁnition of fuzzy integral. Pap [10] and Wang and Klir [16] provided an over-
view of fuzzy measures theory.
Recently, Roma´n-Flores et al. generalized several classical integral inequalities to fuzzy integral (cf.
[3,12,13]). In [12], Roma´n-Flores et al. proved Yong type inequalities for fuzzy integral with respect to con-
tinuous and strictly monotone functions. Based on the results in [12], Flores-Franulicˇ and Roma´n-Flores
[3] provided a Chebyshev type inequality for Lebesge measure-based fuzzy integral of continuous and strictly
monotone functions. As is well known, a general fuzzy measure does not possess additivity. Thus, Flores-
Franulicˇ and Roma´n-Flores [3] obtained the fuzzy Chebyshev inequalities only for a special case. Do the sim-
ilar results hold for an arbitrary fuzzy measure-based type fuzzy integral? In this contribution we address this
question.
Ouyang and Fang [9] generalized the main results in [12], indeed, they proved similar results for monotone
functions. In the present paper, following the results in [9], we prove a Chebyshev type inequality for fuzzy0888-613X/$ - see front matter  2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.ijar.2008.01.004
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eralize those in [3].
We begin with some basic deﬁnitions and properties which will be used in the sequel.
Let X be a non-empty set,F be a r-algebra of subsets of X. Let N denote the set of all positive integers and
Rþ denote ½0;þ1. Throughout this paper, all considered subsets are supposed to belong to F.
Deﬁnition 1.1 (Ralescu and Adams [11]). A set function l :F! Rþ is called a fuzzy measure if the following
properties are satisﬁed:
(FM1) lð;Þ ¼ 0;
(FM2) A  B implies lðAÞ 6 lðBÞ;
(FM3) A1  A2     implies lð
S1
n¼1AnÞ ¼ limn!1lðAnÞ; and
(FM4) A1  A2    , and lðA1Þ < þ1 imply lð
T1
n¼1AnÞ ¼ limn!1lðAnÞ.
When l is a fuzzy measure, the triple ðX ;F; lÞ is called a fuzzy measure space.
Let ðX ;F; lÞ be a fuzzy measure space, byFlþðX Þ we denote the set of all non-negative l-measurable func-
tions with respect to F. In what follows, all considered functions belong to FlþðX Þ. Let f be a non-negative
real-valued function deﬁned on R, we will denote the set fx 2 R j f ðxÞP ag by F a for aP 0. Clearly, F a is
non-increasing with respect to a, i.e., a 6 b implies F a  F b. For a monotone function f, by f ðaþÞ (f(a-)) we
denote the right-hand (left-hand) limit of f at a, i.e., f ðaþÞ ¼ lime!0þf ðaþ eÞ (f ðaÞ ¼ lime!0þf ða eÞ).
Deﬁnition 1.2 (Pap [10], Wang and Klir [16]). Let ðX ;F; lÞ be a fuzzy measure space, the Sugeno integral of
f on A, with respect to the fuzzy measure l, is deﬁned byðSÞ
Z
A
f dl ¼
_
aP0
ða ^ lðA \ F aÞÞ:When A ¼ X , thenðSÞ
Z
X
f dl ¼ ðSÞ
Z
f dl ¼
_
aP0
ða ^ lðF aÞÞ:Some basic properties of Sugeno integral are summarized in [10,16], we cite some of them as follows.
Theorem 1.3 (Pap [10], Wang and Klir [16]). Let ðX ;F; lÞ be a fuzzy measure space, then
(i) lðA \ F aÞP a ) ðSÞ
R
A f dlP a;
(ii) lðA \ F aÞ 6 a ) ðSÞ
R
A f dl 6 a;
(iii) ðSÞ RA f dl < a() there exists c < a such that lðA \ F cÞ < a;
(iv) ðSÞ RA f dl > a() there exists c > a such that lðA \ F cÞ > a;
(v) If lðAÞ <1, then lðA \ F aÞP a () ðSÞ
R
A f dlP a.
In [9], we proved the following two theorems which generalized the corresponding results in [12].
Theorem 1.4. Let m be the Lebesgue measure on R and let f : ½0;1Þ ! ½0;1Þ be a non-decreasing function. If
ðSÞ R a0 f dm ¼ p, thenf ða pþÞP ðSÞ
Z a
0
f dm ¼ pfor all aP 0.
Moreover, if p < a and f is continuous at a p, then f ða pþÞ ¼ f ða pÞ ¼ p.
Notice that if m is the Lebesgue measure and f is a non-decreasing function, then f ða pþÞP p implies
ðSÞ R a
0
f dmP p.
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ðSÞ R a0 f dm ¼ p, thenf ðpÞP ðSÞ
Z a
0
f dm ¼ pfor all aP 0.
Moreover, if p < a and f is continuous at p, then f ðpÞ ¼ f ðpÞ ¼ p.
Notice that if m is the Lebesgue measure and f is non-increasing, then f ðpÞP p implies ðSÞ R a
0
f dmP p.
In this paper, we deal with the fuzzy integrals of monotone functions based on arbitrary fuzzy measures.
We need the following transformation theorem for fuzzy integrals which can be found in [16].
Theorem 1.6. For any A 2F,ðSÞ
Z
A
f dl ¼ ðSÞ
Z
lðA \ F aÞdm;where m is the Lebesgue measure.2. Main results
Chebyshev type inequalities and their applications have been investigated by many authors (cf. [1,2,15,17]).
In [3], the authors generalized the classical Chebyshev’s integral inequality to Sugeno integral and proved the
following
Theorem 2.1 (Flores-Franulicˇ and Roma´n-Flores [3]). Let f ; g : ½0; 1 ! R be two real-valued functions and let
m be the Lebesgue measure on R. If f ; g are both continuous and strictly increasing functions, then the inequalityðSÞ
Z 1
0
fgdmP ðSÞ
Z 1
0
fdm
 
ðSÞ
Z 1
0
gdm
 holds.
Theorem 2.2 (Flores-Franulicˇ and Roma´n-Flores [3]). Let f ; g : ½0; 1 ! R be two real-valued functions and let
m be the Lebesgue measure on R. If f ; g are both continuous and strictly decreasing, then the inequalityðSÞ
Z 1
0
fgdmP ðSÞ
Z 1
0
fdm
 
ðSÞ
Z 1
0
gdm
 holds.
Now we intend to generalize these results. We need the following two lemmas.
Lemma 2.3. Let ðSÞ RA fdl ¼ p <1, then ½0; pÞ  fajlðA \ F aÞP pg.
Proof. We will prove that 8n, ½0; p  1n  fajlðA \ F aÞP pg and subsequently
S
n2N ½0; p  1n ¼ ½0; pÞ fa j lðA \ F aÞP pg. Indeed, if there is an n0 such that lðA \ F p 1n0Þ < p, thenðSÞ
Z
A
f dl ¼
_
a2½0;1Þ
ða ^ lðA \ F aÞÞ ¼
_
a2½0;p 1n0
ða ^ lðA \ F aÞÞ
0
B@
1
CA_ _
a2 p 1n0;1
 ða ^ lðA \ F aÞÞ
0
BBB@
1
CCCA
6 p  1
n0
 
_ l A \ F p 1n0
 
< p;a contradiction. Therefore 8n, p  1n 2 fajlðA \ F aÞP pg. Moreover, by the fact that lðA \ F aÞ is non-increas-
ing with respect to a we have ½0; p  1n  fajlðA \ F aÞP pg. h
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measure.
Proof. It is suﬃcient to note thatðSÞ
Z
A
f dl ¼ ðSÞ
Z
R
lðA \ F aÞdmP ðSÞ
Z r
0
lðA \ F aÞdm ¼
_
b2½0;1Þ
ðb ^ mð½0; r \ fajlðA \ F aÞP bgÞÞ
P p ^ mð½0; r \ fajlðA \ F aÞP pgÞP p ^ mð½0; pÞÞ ¼ ðSÞ
Z
A
f dl;where the ﬁrst equality is obtained by the transformation theorem for fuzzy integrals (Theorem 1.6) and the
last inequality is according to Lemma 2.3. h
Note 2.5. It is easy to see that Lemma 2.4 remains true when p ¼ 1.
By employing Lemma 2.4, we get the following main results.
Theorem 2.6. Let l be an arbitrary fuzzy measure on ½0; a and f ; g : ½0; a ! R be two real-valued measurable
functions such that ðSÞ R a0 fdl 6 1 and ðSÞ R a0 gdl 6 1. If f ; g are both non-decreasing, then the inequalityðSÞ
Z a
0
fgdlP ðSÞ
Z a
0
fdl
 
ðSÞ
Z a
0
gdl
 
ð2:1Þholds.
Proof. Put ðSÞ R a
0
f dl ¼ s and ðSÞ R a
0
f dl ¼ t. Clearly, if st ¼ 0 then ineq. (2.1) holds readily. So we can
assume that 0 < s; t 6 1. Denote AðaÞ ¼ lð½0; a \ F aÞ, BðaÞ ¼ lð½0; a \ GaÞ and CðaÞ ¼ lð½0; a \ H aÞ, where
H a ¼ fxjhðxÞ ¼ f ðxÞgðxÞP ag. Then by Lemma 2.4, it suﬃces to proveðSÞ
Z 1
0
CðaÞdmP ðSÞ
Z 1
0
AðaÞdm
 
ðSÞ
Z 1
0
BðaÞdm
 
; ð2:2Þ
where m is the Lebesgue measure. Since AðaÞ;BðaÞ are non-increasing with respect to a, by Theorem 1.5 we
have AðsÞP s and BðtÞP t. By the fact that f ðxÞ and gðxÞ are non-decreasing, we conclude that for each
n 2 N , there exist un; vn 2 ½0; aÞ such that F s1n ¼ hun; a and Gt1n ¼ hvn; a, where hu; a equals to either ½u; a orðu; a. Hence,hmaxðun; vnÞ; a ¼ F s1n
\
Gt1n  Hs1n t1nð Þ:
WhenceC s 1
n
 
t  1
n
  
¼ lð½0; a \ H ðs1nÞðt1nÞÞP lð½0; a \ hmaxðun; vnÞ; aÞ ¼ min A s
1
n
 
;B t  1
n
  
P minðs; tÞP st:Letting n!1, we get CðstÞP st and which implies thatðSÞ
Z 1
0
CðaÞdmP st ¼ ððSÞ
Z 1
0
AðaÞdmÞððSÞ
Z 1
0
BðaÞdmÞ:This completes the proof. h
In a similar way, we can prove the following
Theorem 2.7. Let l be an arbitrary fuzzy measure on ½0; a and f ; g : ½0; a ! R be two real-valued measurable
functions such that ðSÞ R a0 f dl 6 1 and ðSÞ R a0 gdl 6 1. If f ; g are both non-increasing, then the inequalityðSÞ
Z a
0
fgdlP ðSÞ
Z a
0
fdl
 
ðSÞ
Z a
0
gdl
 
ð2:3Þholds.
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ðSÞ R a
0
f dl 6 1 and ðSÞ R a
0
gdl 6 1 are satisﬁed readily. So our results generalize Theorems 2.1 and 2.2.
3. Illustrated examples
In this section, we present some examples to illustrate the validity of Theorems 2.6 and 2.7.
Example 3.1. Let X ¼ ½0; 4 and m be the Lebesgue measure. Let f ðxÞ ¼ 13 x, gðxÞ ¼ 12
ﬃﬃ
x
p
and hðxÞ ¼ f ðxÞgðxÞ.
A straightforward calculus shows thatðSÞ
Z 4
0
f dm ¼
_
a2½0;43
ða ^ ð4 3aÞÞ ¼ 1;
ðSÞ
Z 4
0
gdm ¼
_
a2½0;1
ða ^ ð4 4a2ÞÞ ¼
ﬃﬃﬃﬃﬃ
65
p  1
8
:It is not diﬃcult to verify that h 4
ﬃﬃﬃ
65
p 1
8
 
>
ﬃﬃﬃ
65
p 1
8
, thereforeðSÞ
Z 4
0
hdmP
ﬃﬃﬃﬃﬃ
65
p  1
8
¼ ðSÞ
Z 4
0
fdm
 
ðSÞ
Z 4
0
gdm
 
:Example 3.2. Let X ¼ ½0; 1 and the fuzzy measure l be deﬁned as lðAÞ ¼ m2ðAÞ, where m is the Lebesgue
measure. And letf ðxÞ ¼
x x 2 0; 1
4
	 

;
1
2
x 2 1
4
; 1
2
 
;
x x 2 1
2
; 1
	 

;
8><
>>:andgðxÞ ¼
x2 x 2 ½0; 1
2
Þ;
x x 2 1
2
; 1
	 

:
(Then,ðSÞ
Z 1
0
fdl ¼
_
a2½0;1
ða ^ m2ð½0; 1 \ F aÞÞ ¼ 1
2
;
ðSÞ
Z 1
0
gdl ¼
_
a2½0;1
ða ^ m2ð½0; 1 \ GaÞÞ ¼ 1
4
;
ðSÞ
Z 1
0
fgdl ¼ 1
4
> ðSÞ
Z 1
0
fdl
 
ðSÞ
Z 1
0
gdl
 
:Example 3.3. Let X ¼ ½0; a; aP 3 and the fuzzy measure k be deﬁned as kðAÞ ¼ mðAÞ
1þmðAÞ, where m is the Lebes-
gue measure. Let f ðxÞ ¼ 1xþ1 ; xP 0 andgðxÞ ¼
3; x 2 ½0; 2;
4 x; x 2 ð2; 3;
1
2
; x > 3:
8><
>:
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Z a
0
f dk ¼
_
a2½0;1
ða ^ kð½0; a \ F aÞÞ ¼ 1
2
;
ðSÞ
Z a
0
gdk ¼
_
a2½0;3
ða ^ kð½0; a \ GaÞÞ ¼ 3
4
;
ðSÞ
Z a
0
fgdk ¼ 2
3
> ðSÞ
Z a
0
f dk
 
ðSÞ
Z a
0
gdk
 
:Notice that if the fuzzy measure k is deﬁned as in Example 3.3, then for any function f, ðSÞ R a0 fdk 6 1. As a
consequence, Theorems 2.6 and 2.7 always hold for arbitrary two monotone (in the same sense) functions f ; g.4. An application of Theorem 2.6
In [4], Flores-Franulicˇ et al. proved two types of fuzzy Stolarsky’s inequalities, one of them was stated as
follows.
Theorem 4.1. Let a; b > 0. If f : ½0; 1 ! ½0; 1 is a continuous and strictly increasing function and m is the
Lebesgue measure on R, then the inequalityðSÞ
Z 1
0
f x
1
aþb
 
dmP ðSÞ
Z 1
0
f ðx1aÞdm
 
ðSÞ
Z 1
0
f ðx1bÞdm
 holds.
As an application of Theorem 2.6, in this section we generalize the above result and get the following.
Theorem 4.2. Let a; b > 0 and l be an arbitrary fuzzy measure on ½0; 1. If f : ½0; 1 ! ½0; 1 is a non-decreasing
measurable function, then the inequalityðSÞ
Z 1
0
f x
1
aþb
 
dlP ðSÞ
Z 1
0
f x
1
a
 
dl
 
ðSÞ
Z 1
0
f x
1
b
 
dl
 
holds.
Proof. Similar to the proof of Theorem 4.1(cf. [4]), we can show that f ðx 1aþbÞP f ðx1aÞf ðx1bÞ for any x 2 ½0; 1 and
any given a; b > 0. Since the range of f is a subset of ½0; 1, for any fuzzy measure l, ðSÞ R 1
0
f ðx1aÞdl 6 1 and
ðSÞ R 1
0
f ðx1bÞdl 6 1. Now, by using Theorem 2.6, the proof is straightforward. h
Example 4.3. Let a ¼ b ¼ 1
2
andf ðxÞ ¼
1
4
; x 2 0; 1
2
	 

;ﬃﬃ
x
p
; x 2 ð1
2
; 1:
(Thenf ðx1aÞ ¼ f ðx1bÞ ¼ f ðx2Þ ¼
1
4
; x 2 0;
ﬃﬃ
2
p
2
h i
;
x; x 2
ﬃﬃ
2
p
2
; 1
 i
:
8<
:If the fuzzy measure l is deﬁned by lðAÞ ¼ 1 m2ðAcÞ ¼ 1 m2ð½0; 1 n AÞ, where m is the Lebesgue measure
on ½0; 1. ThenðSÞ
Z 1
0
f ðx 1aþbÞdl ¼ ðSÞ
Z 1
0
f ðxÞdl ¼
_
a2½0;1
ða ^ lð½0; 1 \ F aÞÞ ¼
ﬃﬃﬃ
2
p
2
;
ðSÞ
Z 1
0
f x
1
a
 
dl ¼ ðSÞ
Z 1
0
f ðx2Þdl ¼
_
a2½0;1
ða ^ l½0; 1 \ fxjf ðx2ÞP agÞÞ ¼ 1
2
:
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Z 1
0
f x
1
aþb
 
dl ¼
ﬃﬃﬃ
2
p
2
>
1
4
¼ ðSÞ
Z 1
0
f x
1
a
  
ðSÞ
Z 1
0
f x
1
b
  
:5. Conclusions
In this paper, we have investigated the Chebyshev type integral inequality for Sugeno integral based on an
arbitrary fuzzy measure. As an application, a Stolarsky type inequality for Sugeno integral has been obtained.
Our results generalize those of [3,4]. Observe that in the paper Lemma 2.4, which is derived from the trans-
formation theorem of fuzzy integral (Theorem 1.6), plays a fundamental role. In forthcoming works, we will
generalize other fuzzy integral inequalities which are obtained by Roma´n-Flores et al. As we will see, Lemma
2.4 can also play a role.
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